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Abstract

The complex resonant frequencies have been deterrtined for a few TM,, modes by solving the
characteristic equation obtained by using boundary value methcds. The real part of the resonant fre-
quency is lower for large values of the inmer radius and decreases With increase in diclectric coating
thickness for any particular mode. The imaginary part of the Tesonant frequency is found to increase
with increase in coating thickness for a particular mode, The Q of the resonator has been computed
at the real resonant frequeney. The effect on the O values by considering, (i) the energy loss due to
radiation only, (ii) the energy loss due to radiation and the dielectric, (iii) the energy stored in the dielectric
only and (iv) the energy stored in the dielectric and m the reactive field has been studied.

Key words : Dielectric-coated metal resonator, complex resonance frequency.

1. Introduction

The electromagnetic resonances of free dielectric samples have been the subject_of stu_dy
since the last few years*. Resonators made of high dielectric constant {nate;nals with
a low dissipation factor have high ( values and have many different applications.

In this paper, the resonant characteristics of the dielectric-coated Cond.uCtiIlg sphere
have been studied by solving the characteristic equation obtained by using boupd?ry
value methods. The peak energy stored, the diefectric loss, the power loss by radiation
and hence the Q values of the resonator have been studied theoretically.

2. Characteristic equation

Figure 1 of ref. 5 shows the geometry of the structure. The dielectric-coatfad conducting
sphere is excited in the symmetry TM mode by a delta-functicn electric field source
Eye applicd normally over an annular ring of radius b sin 8, and width (b — @) sin {?1
assuming that (b — a)<Ca and <Ch. Let the delta-function F, have components E,,
and Ep, in the r and 6 directions respectively, and be given by
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8 [}
E,=0 for 6<01—%—1 and 6>01+A21 @

where V' is the excitation voltage applied across the gap b/ 8 sind; over the annular ring.

The field components are®
Region a<{r< b:

B = D, ot Poeost) s () + Mo (0] € B, (3
A7

By = — z Pi(eost) [L,,. [atiy () + Mos [esry, (u)Y'] 5% -+ By ()

Hy= o z P2 (6050) [Lunfu (ar) + Muy ()] . ©)
Region r> b:
= - z 1 (1 + 1) NoyP, (cos ) 2—uitl L (k"’) et (6)
By =~ Z P (0056) Now g [k (ki)Y e Q)
o
Hy=— Z J.f,;ﬂ Pi(cos 8) Noyh, (leory e @

where

w-angular frequency, P, (cos 0) is the Legendre polynomial, j, (kir), y, (ki) and 29 (kor)
are the spherical Bessel, Neumann and Hankel function of the first kind respectively,
Ly, M, and N, are the amplitude coefficients.

Applying the boundary conditions:
Ejy=E) and Hj=Hj at r=b and Ey=0 at r=a; ®
we obtain the equations®

L Uesb (b)) + M, Desbyn o)1 -+ En 8 C"' “’)

=N, knb [kobl? (kub)Y (10
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k . k
/7; Lo o (k1) - Moy, (ib)] = 17‘“1 NoaB (Jeob) (11

and
Cu (@) =0, a2

1 . ' .
la [Len {kiaj n (kla)] + M, [kj_llj/,. (kla)] + k;
Let z, be the determinant of the coefficients of the amplitude coefficients, i.e.,
1 . ;A ;1 ,
o Vst (BB 1y Dby ()] — g LB (ko))
koo ky koo
=3 pacs — 0 pa 1
= (k1b) e (*:57) ﬂu ke (keob) ()]

1 . 1
oo i ()] = oy, ()] 0

Then, the condition z, =0, leads to the characteristic equation given below:

HECAC§ LACE N CD JENCE
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The characteristic equation is complex and transcendental and the roots of the equation
determine the characteristic or resonant frequencies of the modes of oscillation of the
dielectric-coated conducting sphere. The complex radian frequency is

()

® =0 —jo’
where w’ gives the fres oscillation frequency of the system and 1/w” gives the relaxation
time. Since e is complex, the propagation constants k, and k; are also complex, and are
given by

ko =Ky ~ k5 = (0 — jor) Jlioss

ky = e k.

3. Determination of the resonant frequencies
From eqn, (14), the complex resonant frequencies of the dielectric-coated conducting
sphere excited in the TM,, mode have been determined. The va¥ue 6, =256 + j0
corresponding to the case of perspex has been used for the calculations.

The iterative method was used to determine the resonant frequencies. The real part
of the complex frequency was kept fixed at values in the range 1-0 to 20-0 GHz
and the imaginary part was varied from 10 to 50 GHz,
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(i) {b-a) = 02 ¢cm

Fi6. 1. Variation of the resomant frequency f,,,— if, with inner radius €a’.,

amag

The complex resonant frequencies fy, — Fhanen, = (00" — jen")/2x of the dielectric-
coated conducting sphere have been determined for the valves of « varying from 10
to 5:0cm and for values of (h — &) =01 cm and 02 cm. Thevariaticn of the complex
resonant frequency with a for the two cases mentionied above for the TM,,,, modes, §
being the order of the root of the characteristic equation is shown in Fig. 1
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4, Theoretical Q-factor of the resonator

The quality factor Q of the resonator is defined as 2z limes the ratio of the peak energy
stored/cycle to the energy dissipated/cycle.

4.1, Peak-enevgy stored in the resonator

At resonance, the time average electric and magnetic energy stored in the system are
equal. The magnetic field component is given by eqn. (5). The peak energy stored in
the system is

W,=§f L HS |2 do
- n<_k_k : [Lowju () 2 dr £ [P (cos 0)]2 sin B0 16
=y jcu,u) f onts (ki L B 0s sin 848, (16)

4.2, Total power radiated

The total power radiated, s, is obtained by integrating Poynting’s vectorover a large
sphere which surrounds the dielectric-coated conducting sphere, and is given by

L4

2z .
WR=~77— f | Eq |2 sinf dd (17)

#=0
where | Ey | is the radiation field given by

B = [2rb 70 s Ny b () exp L (ar = aon)]
0

—
2447 i

- [jecosd wi: Jy (kob sin@ sin %) exp (— jkob cosé cosf’)
P, (cosB)cos b’ sind’ J8" —sin 0 Gj:o.lg (kob sinf sin ')
exp (— jkob cos @ cosd’) P, (cos &) sin®8’ d6']
-} 2mjb® N, [ko BRE (kb)) Tkob.  exp[j(kor — wt)]
03‘0 J, (kobsin @ sin @) exp (— jkob cos@ cos ')
Pi(cos§’) sing” di’'} (18)
43. Expression for the Q-factor

Using eqns. (16) and (17), we have
r Wl

= L

7] Wr
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=0 7r,u0

B
f [Loanfn Geur) = Mo (et V]2 12 dr

re¢

k Jeyn )
0, , ™
[ s syt [ 1B sing (19)
=0 #=0

Using eqns. (16) and (17), the peak energy stored in the resonator and the total power
radiated have been computed at the real resonant frequencies determined above for a
few TM,, . mcdes. The Q of the resonator has been determined vsing eqn. (19). The
results obtained are given in Appendix I.

4.3 Effect of the dielectric losses on the Q-factor
The total power loss in the dielectric, W, is given by

W, :g f | ES 2 do

v

where ¢ is the conductivity of the dielectric and | Et] is the electric field in the dielectric.
The electric field components in the dielectric are given by eqns. (3) and (4). Frem the
definition, the Q of the resonator is given by

o Wy
=W AW,

Q_w[ (MI) f Lo Gear) 4 Moy, ()2 12

L 1Pieos o sin o ] / [ncr [nﬂ (12

[(L«m -+ Co) I ler) + (M, + D, )J’ (klr)—r

™

2 dr f 1P, (cos O]? sm@do] +na[ f [(Lun L )[kll]y;c(l:lr)]

[

& -

+ M, [kuy,,( 1t )]] 2 dr P,; (cos ]2 sin ¢ doJ
€-o
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z: f | Ep sinadﬂ:{. 20
=0

The Q of the resonator has been computed using eqn. (20) at the computed real resonant
frequencies for a few TM,, modes for various dielectric-coated conducting spheres. The

results are given in Appendix Ii.

44. Calculation of Q including the reactive energy stored

The Q of the resonator has been calculated by considering the peak energy H, stored
in the field inside the resonator and the peak energy W, stored in the reactive field out-

side”. That is, O is given by
W+ W
Q= ﬂ%] [o3))

where W, = peak magnetic energy stored in the region a< r<?d

b A amr
=5 f f f |HS |2 r* sind dr do dp
r=a  f=0 =0

W, = peak magnetic energy stored in the region r > b
B0 ’IT
-4 f f f | Hg 12 r® sin0 dr 4O dg
=y =0 ¢=0
and Wy is given by eqn. (17).
Some of the values are reported in Appendix 3 for the sake of comparison with the
Q values calculated earlier at the real resonant frequency @' by ignoring Wi

1t is observed that W (r > b) < W, (a < r < b) in practically all the cases and hence
the change in the @ values is not significant.

5. Conclusions

The above study leads to the following conclusions:

@) The real part of the complex resonant frequency is lower for large values of ¢ and
any coating thickness (Fig. 1). Also, the real part of the complex resonant frequency
is found to decrease with increase in coating thickness for any particular mode except
for a few cases. ‘The imaginary part of the complex resopant frequency is fcund to
increase with increase in 4 for a particular TM,,,, mode.
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(ii) From the values of O obiained when the dielectric losses are neglected (Appendix Iy
it is seen that the variation of Q with & is oscillatory for any particular TM,,, mode,
The variation of Q for the individual modes is different for different orders of s for both
the cases (b — @) =0-1em and 0-2cm considered.

. (ifi) It is seen that the dielectric loss is of a much smaller magnitude compared to the
loss due to radiation in a few cases (Appendix IT) and of the same order of magnitude as
the total power radiated in some cases (Appendix IIT). In the first case, the changein the
O values as compared to the case when dielectric losses are neglected is inappreciable
and in the latter case, the Q values are much lower than those obtained when dielectric
losses are neglected.

The dielectric perspex was considered for the above study. In the case of low lcss
dislectrics such as teflon or polythene, the dielectric loss will be very small and the energy
loss due to radiation will predominate.

(iv) The energy stored in the reactive field is very much less than that stored in the
dielectric. Hence there is no significant change in the Q values obtained by considering
the reactive energy stored and those obtained by neglecting the stored reactive energy.

(v) A study of the values of the peak energy stored and the total power radiated given
in Appendix | shows that they vary in an oscillatory manmer for each TM,,, mode with

the valwe of a.
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APPENDIX T

Appendix 1.1: (b — @) ==0-1lcm;
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sharacteristic equation.

€, =256; Modz = TM,, ; 5 = order of the root of the

a Mode Characteristic Stored energy Total power 0 =a W IWy
om TMo, frequency (GHz) W, (watts) radiated, Wy
{watts)

1 2 3 4 5 6

30 ™, ,; 14:3-74-85 0-1649 x 1013 0-6832 37 10-% 0217 ¢ 103
TM, e 16+7-4+80 0-9643 x 10-%  0-9505 * 108 0106 » 10¢
TM, 19+1-j47 06198 x 1072*  0-5033 0-148
TMosy 15-0-4'6 02782 3 104 0.6751 3¢ 10°  0-388
TMaozse 19-1-74-55 0-1616 x 10~ 03699 < 10~ 0-525 108
TMoezs1 16-7-j4-3 0-4563 x 10-% 0°2976 < 16-2 0-160
TMoss 19497425 0-1919 x 10-22 0-5513 » 103 0-435 32 102
TMot,, 19:3-74-10 0-3487 30 107 0-7944 % 10~ 0-532

35 T™ey o 9'5-j4-55 0-5595 x 10 0-1125 x 1070 0-296 x10%
TMo1s 13:0~74-55 0-1614 x 10-u 0-1208 x 10-° 0-109 x 101
TMogs 1567480 0-3371 x 10-1% 09535 32 1079 0-347 > 10t
TMgs. 11-8- 43 01173 > 1071 0-6633 x 10~ 0-131x 10t
TMog.e 14-8-j4-3 0-1131 x 107 0-3164 X 1072 0-332 » 10~
TMos.y 16-4-j4-25 0-8971 x 10-18 0-1789 > 10-* 0:516
TMsy 13-8-74-05 0-4056 x 10-%  0-1949 x 10-° 0-180
TMse 16-8-3-95 0-6463 X 108 0.2718 0-251 x 10-1
TMops 17-4-4-0 0-6164 » 10-1 03687 > 102 0-183 % 1071

40 TMgg, 7-1-j43 0-4959 x 10-1 03802 x 10~ 0-581 x 10?
TMu2 10:8-j4-6 0-1053 x 10718 0.6898 x 10~ 0- 104 % 10°
TMo.s 13:4-74:25 0-6196 x 10~ 0-1524 3 1077 034
TM,1 9+5-74:10 0-2969 > 10-%  0-1321 > 10~ 0 128 < 107
TMps,0 0-4413 % 101 0-4253 32 107 0-782 % 107
TMyps 01923 x 10 01118 ¢ 10 0155
TMs. 0-8613 x 10-%  0-6508 x 10 0:957 x 107
TM,e 0-5252 5 107 0-9478 - 10~ 0-505 > 107
TMs, 0-2171 x 10712 02444 x 107 0-836
TMasy 0-8717 x 1075 0-3262 » 107% 0-221 x 10
TMoss2 16-0-73-50 0-3035 3 10~%  0-1043 » 107* 0292 x 10
TMossy 16-7-13-55 0-2115 x 1078 0-6212 x 10~* 0357 % 10

#5 TMy, 627395 0-1594 3 10~ 0-2073 X 16-*  0-298 x 10
TM s 9-4-j4-0 0-1518 % 10~ 0-2877 X 10-¢ 0-312 % 10¢
TMg, 118415 0-1198 3 107 0-3144 ¥ 1072 0-282 % 10
TMpayy 78752 0-4139 X 10~ 0-1128 % 1070 0179 % 10*
TMn,p 10-3-73-75 0+5131 % 105 0-1109 x 10 0-299 < 10!
Mo, 12:8-3-85 0-2345 x 1031 0-1465 09t
TMs, 9:0-3-7 0-1633 % 10~ 0-7202 ». 107 0-128 < 10°
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————
1 2 3 4 S 6
TMos,a 11-4-3-35 0-9452 x 10-8  0:6299 x 102 0-108 x 10t
TMyss 134635 0-3288 3 10714 0-6542 3 10= 0-429
TMod,y 10+6-73-2 0-8693 x 10718 0-4287 % 1077 0-135 x 10*
T™Mota 13-2-73-1 0-9274 % 10715 0-4029 x 10-% 0-191
TMopa 14-6-73-25 0-4213 % 105 0-3121 x 10~ 0-124 x 10t
5-0 TMop1 5-2j375 0+5150 x 107 ©0-1169 x 10~ 0:201 % 10
TMone 8-0-73-75 0-1174 % 1073 0-1487 x 10~ 0629 x 102
TMot.a 10+6-73-8 0-2879 % 10~ 0-5414 % 101 0-354 x 10~
TMossz 6533 0:2942 3 10~ 0-7581 % 10-7 0-158 x 103
TMas,2 $-8535 0-4251 x 10 0-1473 x 10~ 0-159
TMoas 11-6-73-55 0-6757 x 10*%  0-2065 0-238
TMosss. 7-1-73-20 0-1441 3 10-3% 08960 x 10-¢ 0-717 x 10t
TMosa 3-15 0-3157 % 10 0-8821 x 10~ 0-188
TMoga 12-2-j3-35 0-4649 x 10-* 0-4744 x 10~ 0-750 x 16*
TMoan, 9.0-73-01 0-2153 % 10 05479 x 10-6 0-222 x 102
TMoys,2 0-j2 0-5608 % 1077 05750 x 10-° 0-674 x 10~
TMo4ys 13-0-73-15 06325 X 106 0-7534 x 10~ 0-545
Appendix 1.2 : (b—a)=0-2cm; ¢ =2.56 ; Mode =TM,, , ; s == order of the root of the

characteristic equation,

1 2 3 4 5 [

2.0 TMpa 19-1-74-8 0-2401 % 16~ 0-2821 x 10-* 0-102 x 10

3.0 TMua 12:0-4-67 0:7372 x 10-%4 0-7559 x 10-% 0-735
TM1. 19-1-73-90 0:3143 x 10712 0-3936 % 10t 0635 % 107
TMyasn, 14-3-j4-3 07223 X 10+4 0-4719 % 10-° 0-137 x 10*
TMoa.1 15:5-74-0 0-1955 % 10%  -1673 x 10-% 0-114 > 10

35 TMgu; 9-2-74-25 0-2594 x 10-%°  (-1884 x 10~* 0+7% x 10*
TM.e 12:8-;3-65 0-3413 X 10 0-1058 x 10-° 0-259
TMg.s 13-7-j4-4 0-4041 x 1071 0-1384 x 10-° 0-251 x 10
TMg21 11-1-74-0 0-3679 X 10738 0-154% x 10-2 0-166 x 10"
TM,s.y 14:2-73-3 0-9506 x 101 0-3767 x 10-2 0-225
TMga. 15-8-j4-1 0-3189 % 102 0-3567 x 10> 0-887
TMga 12:3-73-7 0-2747 x 1071+ 0-6921 x 10 0-307 % 10t
TMya, 16-5-73-0 0-1499 > 10-1 0-1583 0-982
TMgas 18-0-73-1 0-7204 x 10-1 0-1745 x 10-2 0-467 x 10
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45

50

2 3 4 5
TMu;1 7-5-j4-5 0-3828 x 107%  0-9991 < 10-*
TMoz 10+6-73-2 0-3602 x 10-1%  0-7234 x 10~
TMosa 11-9-74-5 0-7828 < 102*  0-1114 x 10t
TMaz,1 9-5-73-7 0-1775 x 103 0-5238 x 10~
TMasz 12:0-73-0 0-3334 5 10~ 0-3387 x 100
TMazn 14:3-3-8 0-8179 x 10-1  0-5259 x 10t
TMoan, 10-2-j2-95 0-3319 x 1071 03851 < 10~%
TMozs2 14-1-j2-7 0-4554 x 10~ 0-8236 x 10
TMoaz 16+3-j3-3 0-5231 x 1071 Q-1214 < 10!
TMoz.z 6:6-j3-85 0-2820 x 10~ 0-7777 x 10*
TMp1,z 9-8-73-05 0-2503 x 104 9-3377 x 10
TMg1s 11-1-73-80 0-1054 x 16~ 0-1323 % 10~
TMaz,1 7-8-73-5 0-1254 x 10712 0-1657 x 10-%
TMoz,2 10-6-2-75 0-1899 x 101 0-3419 x 10~
TMo.s 12:2-§3-4 0-1120 x 10-¥  0-1809
TMosn 8-9-73-2 0-3630 » 10-%° 0-2879 X 10~3
TMoz,z 12-1-2-45 0-3659 x 10-12  0-3135 x 10~*
TMs:s 13-5-j2-85 0-3358 x 10-13 0-1753 x 10-1
TMp, 5-93-6 0-2065 x 105 0-5617 x 10~
TMi,5 9-2-72+7 0-4357 x 10-18 04480 x 10-3
TMas3 10-4-j3-5 0-6721 x 10~ 0-5329 x 10-%
TMosz 6-5-73:2 0-3466 x 10-%  0-1685 x 10-*
TMoz,s 9:6-72-45 0-4344 x 101 0-9924 x 10-3
TMpss3 11+3-3-05 0-3933 x 10-%  0-3578 x 10t
TMog,1 7-1-52-95 0-8776 x 105 (0-1173 % 103
TMus,z 11-0-2-25 0-8727 x 10~ 01983 x 102
TMoss 12-1-52-5 0-2522 % 10~ 0-5802 x 107

0-381 x 10°
0-329 x 102
0-525 x 10%
0-202 x 10%
0-741 x 10~
0-391 x 10%
0:552 x 10t
0-489 x 10*
0-441

0-150 % 102
0470
0-557
0-369
0371
0-476 x 101
0-721 x 10*
0-837 x 10*
0-163 x 10~

0-136 x 10°
0-561
0-824
0-839 x 107
0-264
0-287 x 10°
0-333
0-304
0-330 X 10t
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Appendix 2.1

a h Mods Characteristic Stored enstgy, Diclectric foss, Total power 0 ' ”V,?___‘ 0 -0 W Wy
om cm  TM,,, frequency (GHA ¥, (watts) Wy, (watts) radiated, Wy 10, (from Table )
(watts)
s A R T
3.0 31 TM, ., 191747 0-6198 -2 10-%  0-2426 - 10-%  0-5033 0-147 0148
TMea,; 16-7-j4-3 0-4563 - 1011 0-1531 5. 10~ 0:279 .. 10-? 0160 0160
40 41 TMyys 1344425 0-6196 . 107# 0-4424 5. 1073 0-1524 > 107 - 347 0342
TMae  14-3540 041923 107 0-7937 . 107 @-1118 .10} 0-155 0-155
5.0 51 TMo,s 10:638 0:2879 2 1098  0-9728 > 10=°  0-5414 >, 10~ 0-354 210 0354 10
TMopass 11-6-7 3+ 65 0-6757 11 10712 05586 ~ 103 02065 0-378 0378
3:0 32 TMun 15:5740 01955 X 107 0-2258 >, 10~ 01673 » 107® 0112 37 107 0414 20 L2
440 42 TMus 120730 0:3334 210719 01985 > 10 0-3389 5 101 0-7d2 101 0747 3¢ 104
TMopse 141727 0-4554 % 1018 0:5258 > 1078 0-8236 <10+ 0:613 > 107! 0489 5. 108
TMug,a 163733 05231 X 10-1 0-4369 > 10~ 01214 » 10t 0-441 0-441
5.0 52 TMgys  13°3-3:05 0-3933 ¢ 101 0-2529 3 16=* 03575 x 10t 0-780 - 10 0281 5. 10°
TMge  11°0-72°25 0-8727 3 10 0-2393 > 10~ 0-1983 % 10-1 0304 0-204
Appendix 2.2
a b Mode Characterisiic  Stored energy,  Dielectric loss, Tota) power 0= OV Qe W,
om, om. TMy, Ifrequency (GHz) W, (walts) Wy (watts) radiated, Wy Wi+Wg (from Table I)
(watts)
30 31 TMyy1 14-3-74-83 0:1649 > 10-13 07485 = 1078 06832 x 10-° 0-104 108
TMys,2 19.9-j4-25 0:1919 < (012 0-1791 > 1073 0-5513 x 10-3%

0-328 < 10°

90¢

QIALLVHD "8 ONY QIHvA NITAAVL



40 4+1 TMegy 9-5j4-10 0-2969 » 10712 0-2322 % 104 0-1321 x 101 0-486 » 10t 0-128 % 10*
TMn1 11-5-73-75 08613 x 101 0-5239 x 10~ 0-6508 x 10—® 0-529 x 10* 0-957 x 10*

50 51 TMowz 807375 0-1174 x 10712 04819 x 10 0-1487 x 10— 0-936 % 107 0-629 x 10%
TMoss 12:2-3+35 0-4649 x 10712 0-2336 x 1072 0-4744 x 10~ 0502 » 10* 0-750 x 107

3.0 32 TMose 19:143-90 0-3143 x 10~4* 0-1379 x 10 05936 > 1071 0-516 x 10 0635 32 107

40 4-2 TMag,e 106732 0-3602 x 10-1° 02407 % 10~ 0:7234 % 10~ 0:249 x 10* 0-329 x 10%
TMoLs 11-9-j4-5 0-7828 x 10— 0-3512 % 10+ 0-1114 < 10-* 0-127 x 10® 0-525 % 10%

5:0 5°2 TMoes 6532 0-3466 < 1014 0-1144 > 10~ 0-6685 x 10~ 0-501 > 10t 0-839 x 10*

APPENDIX 111
a b Mode Real frequency  Peak energy stored (watts) ,
o om TM,,, o Total power = Q =0'W,/Wg
W, w,’ radiated W, o (W,-W.)y  (from Table T)
(watts) Wy

3-0 31 TMug 0:1049 X 101*  0-4563 x 10~ 0-7026 X 10718 0:2976 % 10-2 0-161 0-161

40 4-1 TMgs 0-7539 % 10 0-4413 x 101 0-4953 x 107 0-4253 < 10-2 0-782 x 107t 0-782 % 101

5.0 5-1 TMagn 0-7286 » 10 0-6757 5. 10-12 0-3412 x 1017 0-2065 0-338 0-338

45 47 TMpn 06660 > 101t 0-1899 x 10~ 09862 x 10717 03419 = 101 0-371 0-371

50 52 TMos 0-4461 % 10 0-8776 : 10~* 0-1229 < 10718 0:1173 % 10 0-334 0-334
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