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Diffraction by a strip under mixed boundary conditions 
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A direct technique is presented for solving the problem of diffraction by a strip under mixed buuddary 
conditions. Taking account of correct edgs conditions, the problem is reduced td two pairs of conplhl 
integral equations by means of a method due to Jones in the theory of Wiener-Hopf technique. The 
first xpproxinatiou to the solution of these coupled integral equations is obtained for l q c  values of 
the width of the strip. An expression for the quantity represerrting the sum of the absorption and 
scattering coefficients of the strip has bzen obtained by usin& the approximate solution. Higher order 
approximations are avoided because of the complications in the presentation of the results. 
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1. Introduction 

The Wiener-Hopf te-hnique provides an extremely powerful weapon for attacking two- 
dimensional diffraction problems. O3t of all possible approaches towards the reduc- 
tion of the physical problem at hand to a problem of Wiener and Hopf, Jones' method 
is the most snitable one as it is direct and straightforward. A beautifi7.1 account of 
Jone's method aan be found in the books of Jones1 and Noble2. As is well known' 
the Wiener-Hopf technique provides an exact solution to the problem of diffraction 
by half-planes under unmixed boundary conditions, whereas the problen~ of diffrac- 
rion by a strip leads to a set of integral eqrrations when Wisner-Hopf technique 
is applied. The literature of the Wiener-IIopf technique and its application is vast 
now and referewes to most of the work in this direction can be faund in the haks  a4 
Jones' and NobW. 

Whilst the theory of the Wiener-Hopf technique has become qaite welt known a d  
handy at present for solving diffraction problems under anmixcd boundary conditions, 
mt much e:Tort was made to tackle mixed houndary value problems in diffraction theory 



by this ie-hniqx, until Ra\\lius" imblished his paper in 1975 where he presented a new 
te:hnique oS nelving certain coupled integral equations. In his paper &awlills solved 
the Drobien of diffraction of plane waves b) a soft-hard half-plane through a technique 
whikh he calls . Ad-hoc '. The reader is referred to Rawlins' paper for previous refer- 

& the origin of such mixed boundary value problems in diffraction theory. 

in precdfi! paper. Me h \ e  denionstrated how Jones' direct method oE solvillg 
r,F,,.diillcnsiona: diiii.tr:tion problems can be applied to  the present type of 1vixe;ed 
boilnjari \aiirc prirblems for a strip. We J'rnd that the problem or diffraction of a 
plane Rave by a soft-hard strip can readily be reduced to two pairs of coupled integral 
eql;trions ,,f the kind a hish is I err different, as is expected, from the integral equatlolls 
,,f-,ile o n l t ~ e d  strip problem described in Jones' book'. However, oncea tech~li~ue of 
jinjin2 Lhe s,lufon or the ;.oupled integral equarions occurring in the half-plane problem 
is dir;cversd (sf. ~e:. 3) ,  thc corr?led integral equations of the strip problem call very 
,veil be iland!e:t for their ~t;lpror;imate solutions when the width ' I '  of the strip is large 
we have obuincd a f l r ~ t  aa;l;)roximation to the solutions of these equations for- gelleral 
angle of in:idzn:e. Higher order approximations can also be derived by the techniqce 

bnes' for !inding qgroximate solution of the unmixed strip problem. The results 
these a p o x i  nations will be published at a later stage. 

Se:tion 7 .  we demonstrate rhe technique applied to our strip problem \v]iere we 
:ind an cuyesbion i'or ihe far-field by the method of steepest descent, by using the 
j?:st app:.eximation io the ~0hIIioll of our illtegrai eqllati011~. Finally, we dorive an 
expression for the suinof the absorption and s2atLedng coeflicients of rhe mixed mrip 
b!~ ~<:lga fori..~la of Jones1. The derivationof the integral equations has been shown 
for any general in2idenr wave. whereas solutions of these integral equations have been 
oblained under the assumption that rhe incident wave is a plane wave. 

2. Formulation and reduction to integral equations 

Assaming that the soft-hard strip occupies rhe portion - I <  x < 0 of the plane y = 0, 
the msthenarixl problem of determining rhe scattered field v (n, y) is that of solving 
the partial differential equation 

Kerc 2 is the $+dve number and n time-dependent factor e"' is dropped throughout the 
paper. 

Under the boundary conditions : 

u (2, 0+) - - 21, (x, 0) 

I 0 - u ,  0)  (- l <  X < 0) - - -- -- 
81, SY I 
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tt, (x, y)  repesenting the known incident field and v (.v, y)  the total Aeld, the continuity 
conditions : 

and als, the radiation condition tit infinity and the edge conditions (cf. ref. 3) at edges 
.Y = - I  and x = 0 res,ectively, which are given by 

. .  . . . 
0 (x,  0) - 0 (xlJI) ,  - 0 (x-s/4), as 2 4 0". 

2Y 

To sdve this problem by the Wiener-Hopf tezhniqne, we assnme k = k, - ik, (k, > 0) 
until u:) to the end when we put k ,  = 0, and define the following transforms : 

with similar definitions for P-, PI and P_. 

We now note that the functions Vl and PI are analytical functions of s, whereas because 
of the edge conditions3, V- N 0 (eaz/s5/4) and P- - 0 (e"/s'") as / s I + cu in the left 
half plane a < k,, and V+ w 0 (l/sj/4) and PA N 0 (l/s1J4) as / s / + ca in the right half 
plane, a > + k,. We also note that V, and P, are 0 (el? as / s 1 -t ca in the right half 
plaue, wlrereas they are 0 (1) as 1 s I + cc in the left half plane. 

Procedures adopted here, in deriving the integral equations, are similar to that of 
Jones1 for the unmixed strip problem, with slight modiffcation, and the reader is constantly 
referffid to Jones' book for details. Writing the solution of the transformed p.d.e. 
(2.1) as (since Im K < 0) 



and takini: limits as p + O i ,  b e  obtain 

A = V i  (s, 0) f (s, 0 )  + V, (s, Oi), 

B - bv ( 5 , .  0 )  f- 1/_ (.s, 0 )  + Vl (s, 0-), 

- itiA - P_ (s, 0)  4- P- (.s,O) f P1 (s, 0-j, 

i K B  = P- (.9, O) -1- P_ (s, 0 )  f PI (s, 0-1, 

afie: otilizing the continuity conditions (2.3). Eliminating A + B and A - B from 
equation (2 . i ) ,  ~e obtain 

ti [V, ( &  0-j - v1 (S, 0-)] - ?i[P,  (s, 0) + P- (s, 0)] + iii [PI is, Of) f P, (s, 0-11 (2.8) 
and 

[ P ,  IS: 0-) - P1 js, 0-11 

= ?;ti [hi-(.s: 0) + v-ts, oil + i t i[vI (s, Oi) + Vl (s,  0-11. (2.9) 

El~ationn (2.8)  and (2.9) will be handled through the Wiener-Hapf technique and we 
sh411 make use of the following identities which are the A and B elirninants from (2.7) 
or Wiiich can be oblained from (2.8) and (2.9). 

PS (3. 0 ) = - iti [V-  (s, 0 )  + V- (s, 0) f V, (s, 0i~))l 

- [P- (s, 0) 4- P- (s ,  O)] 

- [V- (s, 0') + V- (s, O)] J 
Wc have aelexed that branch of the square root for which 

( - $ -  6k)1t2= - (3 f ik ) l12 .  (2.11) 

As besxibed in Jones' bookL (pp. 602-4), we 'now w&@ eke eqwat iw (2.8) &ad 
(2.9 in two different forms eaqh, split the necersaFy fonctis~s by thz &&&g ?sclan+a 
of Jones' and usc Liouville's theorem to obtain 

P, (s, 0 )  = - ( s  -; iK)l'"+(s) 

r* E i s ,  0)  = - ( s  - ik)'/= (s) 

Y+ (q 0) = - (s + ik)-"qL, (s) 12.L2) 
and 

e-' IV- (s, 0 )  = - (s - ik)-'I2 M- (s) 
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where 

(w, 0) -1- f (PI (w, 0 ' )  -t- PI (19, OW))] d,,,, 
r i m  1v -- 3 

[P., (iv, 0) + + (PI (w,  0") $ P, (71: 0))] div. 
+jm W - S 

(a < a) 

and 

Next, changing w to - w in X (s) and Li. (s), md s to - s in Y- (A) r\nd M- (r), t&ing 
h = - a, noting the res i t  (2.11) and d(tAail% 

We obtain, from (2.12), the following integral equations which are valid for a > - b : 

(S f ik)-'I2 H+ (s) = Qa (s) - 
I jlm (w - - ik)-*/2 H, (w) e-,,, &, 
2 6 W S  s 



where 

We nore that the Functions PI. P,, Q, and Qs are not completely known for the type 
of boundary value problem w e  are handling. However, if we make use of (2.10) in 
(2.16) and evaluate some of the integrals by closing the contour in appropriate half- 
planes and combine the results with the left hand sides of the equation ( 2 .  IS), the 
equation (2.15) can be expressed as: 

(s + I ;  (s) = % (s )  

(r + ik)'f3 F- (s) = SL (sj 

- dw [I?+ (w) (w - ik)"Gcw' - i (w + ik)-XIY I. (- a)], 
b 4 - a  U' f s 
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Sl(sj= -1 fa+irn dl!J ~ ( 1 9  - ik)'12 (TI (w, O+) ePL' f V, (- ir, 0 :)) 
2n J Wtr 

- i (iv f ikj-lIs (PI (w, 0-) e-ILL + Pi (- IV, 0-))J, 

and 

,ys = & /'4-'m . @L - ;k)l/x (Vl (iq. 0 8 )  ecPkr -- Vl (-- w, 0 1)) 
a-im 19 -i- S 

- i (it, + ik)-'fz ( P I  (IV, 0-1 e-*' - P, (- is7, @))I. (2.18) 

The hmztions R,, Rn. S,, Sg in (2.18) are con~pletely known by n~eans of the boundary 
condrtions (2.2)  and the equations (2.17) are h e  desired pairs of coupicd integral equa- 
tions for our strip problem. These equations are best solved by the method o f  succes- 
sive approximation. In what follows, we shall obtain the first approximation to the 
solution of the equations (2.17) in the case of incident plane wave, assuming I to be 
large. 

3. Approximate solatiou-Incident plane wave 

We now assume that the incident wave is a plane pulse, given by : 

ti,(x, Y) = exp [ -  ik(xcos& -1- y sin6,)?, (0 < < 42). (3 .1 )  

We then have 

Then choosing b - r., where k, > c z k, cosg,, we can evaluate all the integrals 
involving the known functions multiplied by (11. f ikjl/? or ( i v  + ik)-"5 by closing 
1he contours on the Ipft. 
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Hence, if we take the new unknowns as: 

I. . (s) - I .  (.s) - ik sin 6, 

I , exp  (ikl cos6,) 
11.. (s) = F7 (s) + Sj - ;k ikos+O 2 

,' I 
1,. @) = H. (sj - ik sin*, (----;---- - em (ikicos &)3 - .  

s7rkcos@, s - i k ~ o s * ~  

1 exp (iklcos 6,) 
~. .(s)=G-(s)-_~_;- 

s - rk cos6, s - ik cosgl, ' 

the intzgral equations (2.17) take the following forms : 

a + r a  
(S f ik)-llr i.- (s) = lL fs) + 

.-dm >v + s 
[ ( w  - ik)-I/2 

x L ( w )  e-?IZ - i(w t. ik)l'?p~(- w)! ,  1 

where 
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We uote that iz, = 0 = nz2 when 6 ,  = a. The equations (3.4) are iu their most 
conveuient Corms ror Rnding the qproxima?e sol~ttion? for large 1. When I is large, 
the integralsin (3.4) involving the factor e-"' can be expezted to bevery small (see Watson's 
Lemma1) and neg1e:ting such small terms, the first appoximation to the solution 
of the eq~~arions (3.4) can be obtained by solving the followiug integral equations, 
once asain coupled : 



Then, proceeding in a way similar to the one described in  Rawlins' paper" and remem- 
bering that kk, > c z k ,  cos$,, the problem of solving rhe integral equation ( 3 . 7 )  can be 
reduced to the fuilouing problen~ of detcrinining the functions $'. At', etc. 

To solve 
-- 

ip- (y) = y ,it;?: . X ) 7 .  [ ~ -  y) ,  (3.9) 

where ;! - (s -: ik)'"' and the pair or  functions p (11) and X, ( y )  are to be replaced by 

>he pzir (i!!' (?J ,  (;,I), (;!:) (y), &' (:)I, ( v t '  C?), Ot) (;I)) and ($' Cj ) ,  0:) (y)).for the 
purpose of u-riting the eqiations fur these unknowns. We also have to satlsfy the 
folloiving conditions relating the  unknoun functions : 
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and 

,"here the constants A$ and B:' (i = 0, 1 ; p = - 1, O), determined by the relations 
(3.10) are given by 

where the constants a,, a,, bi and b, are those given in (3.6) and 

to = (2ik)*I2 sin&$, 

and 
. . ?lo = (2ik)l12 cos 4 $0. (3.13 

~he'transformed feld can now be deteomined by means of the relation (2.6) and'the 
results 

2 A  = 14 (s) + 8, (3) t @' lu, (- s) - @+ (- s)l 
and 

2 i d  = 7.; (s) + v+ (s) f eSL [A+ (- s) - v+ (- s)] (3. i4) 

w h i h  are derived from our earlier substitutions 

We now proceed further to determine the quantities A and B. We have the following 
results: 



where y' = (- s f ik)"' = i(s - ik)"? Then, the unknowns A and B are finam 
obtained in the following form : 

and 
1 

ih.B = (S j ik cos #J [(A:: .t AF' :') J(y 4- ./a) 
- e" ( A 2  + A:" y ' )  J (7' $ JZik)]. (3.17) 

These expresstons can be cast into the forms involving the eonstants a,, 4, b, and b2 
by using (3.12) and (3.13). However, we do not give these forms here, and in the 
nsxt %:tion, we determine the symptotic expression of the far field. Finally, the sum 
of the absorprion and s':attering coefficients has been determined by using a formula 
due to Jones1. 

4. The far-field and the scattering coeflicients 

Using (3.16), (3. IT), (2.6)  and the Mellin's inversion formula far the Water1 Laplace 
transform we determine the following expressions for the diffracted fm-%ad, fop large 
kr, after writins x = r c o s $  and ( y ] = r s i n $ ,  ( O < $ < 1 6 ) :  

and 

where 

and 
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We note that, by osing (3.12) and (3 .13), we have 

Using (4.9, the expressions (4.3) and (4. 4) can be written down conlpletely 

We shall now obtain the s~atterins coefficient of the strip under the mixed condiliona, 
considered here, by using Jones' Formula (6) (pp. 454-5)': 

where uo(x,  y) is the incidental field, v (x, y) is the scattered field and stars denote 
complex conjugates. In (4.~9, us is the scattering coefficient, whereas uA is the 
absorption coeficient of the strip, and C i s  a large circle which completely encloses 
the strip. 

Following Jones' technique involving the method of stationary phase andusing the 
two expressions (4.1) and (4 2) on the top and bottom halves of the circle C, respectively 
we abtain : 

where by A (- ikcos&) and M ( -  ikcosdt,), we mean the limiting values of the 
expressions (4.3) and (4.4) as 4 tends to $,. 

After using (4.5) and afte~ same manipulations, we obtaiu the following expression 
foe the 'sum of the absorption and scattering coefficients of the mixed strip ' 

US +uA =4sincpo (4.8) 

FQF the purpose of comparison, we quote the corresponding expression for the soft 
strip, derived in Jones' book1: 

as=4sin0,, (4.9) 



obtained b) usirrg only the f l r s  np:mxim:rtion t o  the solutioii o f  JoneP integral equa- 
tions ihr the strip-problem. 

The auchoor expresses his dee2 sense of gratitude t o  Profzasor D. S. Jones of thc Univer- 
sity of Dandee, S;oUand, U.K., for creating interest in  h im in thc area of diffraction 
~ h e o y ,  cyxcially i n  mixed boundary value problems. 
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