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unsteady laminar flow in a channel with porous bed 
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mtunsleady flow of aviscons incompressiMe fluid in a Tixed parallel-plate channel, one of whose bound- 
ip~~allnis a porous medium is considered in the context of the matching flow criterion of Beavers and 
lopeph. Flow due to time-dependent pressure-gradient of exponentially decaying and periodic types 
k kn studied. The slip velocity has been wlculated in particular cascs. 

%y wrds : Unsteady flow, parallel channel, porous medium, slipflow. 

1, Introduction 

The rectilinear flow of a viscous inconlpressible fluid through a two-dimensional channel 
formed by a porous wall and a solid wall has been analysed by several investigators1-3, 
Swh Bows are of iiuportance in  industrial, bio-pb.ysical and hydrodynanlic problems. 

lo the study of the flow over porous bed, use is made of the boundary condition 
suggested by Beavers and Joseph1, for the permeable surface. This Avid motion is a 
c~pled one satisfying Navier-Stokes equations in the free fluid and Darcy's law in 
h permeable material and matching conditions at the nominal surfaxe. The Poiseuillc 
$OW has also been extended to the consideration of the flow of stratified Uuid of variable 
density a d  viscosity6~ 5. All the above investigations relate to  steady flow. 

Unsteady flow of viscous fluid over permeable bed has been treated by Hunt". 
k h  and Rajbanshi7 obtained the solution of the fluctuating flow of a viscous fluid 
&ced by a uniform free stream. The present stndy is concelued with t1.c vns%ady 
Lw of a viscaus fluid in the channel u.nder time dependent pressure-gradiei~ts of the 
Wwntially decaying and periodic types. The velocity conlponent due to the flow 

the permeable bed has been calculated and compared with the flow over the 
k d  in the case of exponentially decreasing pressurc gradient. The slip-velocity 

hs been found for the flow due to periodic pressure-gradient. 
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2. Forntulation of the boundary-value problem 

We consider unsteady rectilinear Bow of a viscous incompressible fluid through a tuio 
dimensional parallel channel whose lower boundary is a porous wall and the upper 
boundary a solid wall. The porous medium comprising the lower boundary is a 
to be homogeneous, isompic and comple!ely saturated. The coordinates along & 
perpendicular ta the channel are denoted by X and Y respectively. Laminar uni. 
directional flow is assumed to be set up by time-varying 1ongitv.diual pressure-gradient 
in  the channel and in the porous medium. The flow in the ch.annel is gaverned by thr 
usual Navier-Stokes equation. In the porous medinm, the flow is governed hy Da*$ 
law. Walls of the channel are horizontal and infinitely long to allow the phyia 
quantities to  be independent of the axial coordinate. Velocity-Md is assum& 
have only one component in the direction of x-axis. The velocity u and pressure p 
functions of x ,  y and t ,  t denoting the time. Due to equation of continuity, 

The velocity-field u in the channel satisfies the differential equation 

wkere p is the fhid density and p is the dynamic viscosity. When the external forces 
are absent, the fil.ration velocity is given by the relation8 (p. 170) 

in w;zich k is the intrinsic permeability of the medium having the dimension of length 
squared. Thus, V is daiermined as soon as the pressure-gradient is given. 

Following Beavers and Joseph1, we specify the boundary condition at the surfan 
of the porous medium (which. is the nominal surface) by the relation 

where a is a constant depending only an the porous material and not on its s t w m n  
Beavers and J o w h  tabulated values of a for different materials (foametal 
of various permeabilities. 

. . .  
The *and boundary condition is provided by the no-slip condition at b e  YP 

bounding wail, i.e., 

u=O when y = k  (4) 



LAMINAR FLOW IN A CHANNEL 

now make eqn. (1) non-dimensional hy usmg the dimens~onless qumtrties 

,,,b,ere U is some characteristic velocity (c-g., the mean velocity) 

Equation (1) now reduces to 

ivhe?e I /y  represents the Reynolds number Uhlv. It i s  evident that hplirx' is a fi1.n~- 
tion of t'. 

The boundary conditions, in terms of the ncn-dimensional q~antities become, 

4. Flow due to exponentially decaying pressure-gradient 

Let as now assomc that the flow is drlven by an unsteady pressure-gradient given by 

w h e  A and Az are known real constants. We assume that the velocity is given by 

u' = A  f (y) exp I -  1% t'). 

Eqation (6) now becomes 

leadig to the solution 

where A', D' are functions indcpendent.of 7. 
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Boundary conditions i'o~ f follow from ( 7 )  and (8). These are 

1 
where o 1s written for dk' 

Dzte,mining A', B', by means of (131 and (14) and substituting in (12) we &tan 

The slip-velocity is given by 

u; = A f ,exp (- P t') 

where 

If the bed of the channel had been impermeable th.e velocity profile would be w e n  b? 

u'* = AfQ (0) exp (- 12 tf') (18) 

with 
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ÿ be above result (18) follows from (15) when we make a -t CU; which means k' -, 0. 
this case, the slip velocity indicated by (17) tends to zero. 

The skin-friction at the surface of th.e porous medium is given by 

where 

1 V'YL - 
.Q7 cos - + a0  sin - 

dy Z/Y 

In the case of flow over an impermeable solid hed 

where 

From (20) it follows that the skin-friction is positive on the solid wall. 

From (19) we find that the skin-friction is positive if 

Assuming that the Reynolds number l / y  is small, we expand cosA/Zlz/y in which we 
Edat terms containing llyz (21), therefore, implies that uZ > 2 for laminar flow. 

5. How comparison for different values of rl 

To suldy the flow in a channel with permeable bed and that in a channel with solid 
we calculate u' and u'* given by (16) and (18). We take 1% = 1.44, a = - I ,  

a=10 and y = 100. Table I gives the values of u' and u'" for different values of q 
at t' = 0. 

From the results of the table we find that the effect of permeability is manifest in 
giving rise to a slip-flow on the bed which gradually diminishes as we move away from 
rha bed. 
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Table I 
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In the case of flow over a solid wall, the velocity protile follows the parabolic la$; 
the velocity increases from zero to its maximum value at the middle of the channel and 
then decreases. 

The magnitude of the flow-velocity in the case of flow over permeable bed is grew 
rhan that of flow over solid hed. 

6. mow due to periodic pressu~e-gradient 

We assume that the driving pressure-gradient 1s oscillaiory md write 

- * = c  COS Of 
dx (2) 

where CJ is the frequency of the osci!latlon and c is a known real constant. 

It is convenient to use the ca~nplex notation and to put 

- ap = &* 
& 

aMihvtiag physical significance only to the real part 
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auation of motion (1) then becomes 

v is the kinematic coefficient of viscosity. 

we makc cqoa'.ion (24) non-dii1lcnsional by taking 

Ep t ion  (24) becomes equivalent to 

where 

F.om (27) it follows that l l y  is the Reynolds number of the flow. 

We take the velocixy in the form 

u' (q ,  t') = C' P(y) e"'. 

Elhsii~uting in (261, we get the differential equation 

iolution of the above equation is 

F = D ch (I + i) sy + E iii (1 + i) A 
2 /2y  - 

Boundary conditions are 

F = O  when y =-. 1. 
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These houndary conditions determine F and give 
u' = c' 

1 
' ~ L t . . k r / ~  t: + i) -3 ;, + i a ~  s/x<i + 2- +- a0 (i+$,) $11 -* (1 -qj 

u'2p i + -  2/2, d 2 Y  " 2/2Y 

E 7i,, /1L +i! - i aa sh I -- + i  
d 2 7  v '2~  2/27 

(3) 
Taking real part of the above expression, We obtain 

(cf. Ref. 9) 

where 
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Slipvelocity i s  given by 

For y = 100, a = '1, 6 = 10, we have, 

xo = -0400001, ii/, = '0001999 

N = .1059694. 

Hence, the slip-vzlocity for Reynolds nurnher .01 is 

.6225316 sin t' + ,0018864 cost'. 

In particular, the velocities at the end of time-instants 2nn, (2n + +)-)n (2n S h  
(Zn + a )  % where n is a positive integer, are given ns follows : 
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