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Abstract 

In the present paper we have given the solution of the differential equatio~~ 

x + / ( x )  =- 0 

J! the general free oscillations where, 

by applying the linear orthogonal polynomial approximation.. The results obtained are of gmeral 
hatter and include as particular cases many of the results given earlier by Garde and S a m  and 
Kushwaha. 

b words : Nonlinear oscillations, orthogonal polynomials, amplitude dependent approhimatimr, 
Sneralised hypergeometric function, confluent hypcrgwmetric function. 

1. Introduction 

1959, by the application of Tchebicheff polynomial approximation to sin 0 in the 
interval (- A, A), Denmannl obtained an amplitude dependent approximation to  the 
fre¶uency of  the simple pendulum whose amplitude of motion is A. Later, in 1964, 
Dmmann and Howard" m n m a n n  and Liu8 have applied ultraspherical polynomials 

the same prablem. Garde4 in 1965, applied Gegenbauer polynomials t o  some forced 
OKilhtion problem and in 1967, Jacobi polynomials to obtain a n  approximate solu- 
h depanding on the amplitude of the nonlinear oscillations defined by the differen- 
tial equation 
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In 1970, Saxena and Kushwaha in two of their joint papers atteulpted ~ ~ ~ ~ b i  
nomials to obtain the amplitude dependent linear approximate solution of the 
differential eqnations 

5 + ax -I- bx" 0 

We have attempted in this paper a set of general orthogonal polyno~nials {$n[x)) to 
an amplitude dependent linear approximate sohtion of a general daferentia~ 

equation 

where r and s are positive integers and 

efp" ; . .  a ; & ]  
b,, ht, . . ., b, 

is the gcneralised hypergeometric function5 (p. 73). 

The initial conditions of motion are x = A, 3 .; 0 when t = 0, A being the ampli- 
tude of the motion under which the solution of the proposed problem will be obtained. 

The main result of the paper is a generalisation of the results given by GardzQand 
Saxena and Kushwahas, 9. The results obtained are believed to be new. 

2. Orthogonal polynomials and liicar approljmation 

Let 4, (x) be a polynomial of degree precisely n and (4. (x): forms a set of orthogonal 
polynomials in the interval (a, b) with respect to the weight function w (x) > 0, then 

It can be easily seen that the set of polynomials {#, (x/A)] arc orthogonal in the interval 
(ad, bA) with weight function iv (x /A) .  

Let LZ, be the class of functions f for which 
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and let {#.(x)} be an orthonmmal SYsten1 of polynomials which bclong to L;. Then 
,he system is closed and for every 

c~nyerges in mean to f 

~n reference to the known solution of the differential equation 

x + m x = n .  

we obtain an approximate solution of the problen~ 

a + f ( x )  = o 
by truncating the series (2.2) of f ( x )  after second term. Thus the desired approxi- 
mation off  (x) in this problem is given by 

3. Solution of the main problem 

In this section we have solved the differential equation 

a + f ( x )  = o  

where 

and 

[ j ' ( ~ ) ] ,  = - K + K'xs. 

where 

d - K' = a,, + ale, K*') = a, z ,  

i =  0, I and do = 1, dl = c + dx, K, are defined by the relation (2.0). 

'he integrals in a, exist since the series 
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under the initial conditions w = A, .i = 0 when 1 = 0. This solution is thaefore an 
approximate solution of the prohlem (3.1 ) under these conditions. 

Obviously it has the approximate period 

Pcrrticdai cuses: ( i )  I f  we take b,, (x) to be the Jacobi polynolniais [ref 7, p. 254; ref. 10, 
p. 581, and use the integral [ref. 11, p. 4661, and [ref. 10, p. 711, Po(',@' (x)=l, P,'%PI 
( x )  = 1 (a + f i  t 2) s + (a - /J!2. then the approximate solution o i  the nonlinear 
differential equation 

a +  f ( r ) = O  

where 
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- r - s j ,  a + 1  
- 8 - r - s j  ; - 1). 

The series for  ?.2 a n d  i*' are convergent for  p < q and f o r  p = q + 1 if I [ < 1. 
(ii) The approx imate  solutions of 

.? + 11%: x' ,F, (0: b ;  exs) = 0 

given by Saxena a n d  K u s h w a h a y p .  295) and that  of 

P + ll'E x - ll$ cx3 = 0 

b Garde6 (p. 112, 22) a r e  SWn to b e  easy consequences o f  our main result. 
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