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cross-section is bounded by two crrcular arcs m the presence of a magnetic field parallelta 
the direct~on of flow The governing equations have been solved by introducing the stream 
function and the magnetic field funct~on and changmg the system, from the canesian 
co-ordinates Into dipolar co-ordinates The expressions for the velocity components andthe 
magnetlc field function have been obtained in terms of new co-ord~nate systems and the 
nature of the veloc~ty components are shown graphically t o  discuss their behawour on the 
boundary of the cylmder. It has been found that In speclal cases the results, with some 
changes in constants, agree with those of Nigam3 and have been compared graph~cally w~th 
the present solutions 

2. Fundamental equations 

The governing equations for the steady mviscid, incomprossible motion of conducting fluid 
in linearized form are' 

and the equation of continuity is 

For the ~nf~ni te  conductivity of the fluid motion the equations (3) and (4) reduce to 

and 
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we consrder the case when v - 0  and hy - 0  at lnfinlty Then the above equations an  
,ntegration, lead to 

which implies that the stream lines and the magnetic llnes are parallel. 

we now introduce the flow field function 6 and the rnagnetlc field funct~on 4 by the 
reiations 

take U ( y )  = A + By, where A 1s the untform veloclty and B the constant vortmty 
Elimnatingp between (1) and (21 and using (5) and (7), we get 

where 
a2 a2 v'-+ - 

ax' ay2 
To solvc equatlon (a),  we assume that the presence of the boundary of the cylinder does not 
affect the vorticity in the !low field. This leads t o  the assumption3 that 

Therefore. equatlon ( 8 )  glves 

where the funct~on of y 1s evaluated at large distances vhere the disturbed magnetlc field 
vanshes. 

3. The problem and its solution 

Let us suppose that a cylinder of cross-section bounded by two circular arcs is placed in the 
undisturbed flow field U ( y )  and a parallel uniform magnetic field HO in the direct~on of the 
x-axis The stream funct~on $ and the magnetlc field functlon $ defined by (7) will satisfy 
VatlOns (8). (9) and (10) provided that the disturbances are small and v m s h  a t  infinity. 

we now introduce the dipolar co-ordinates by the transformatlon6 

z =  - c coth H { 

where Z = x + ry, 

and f = f t H ,  

and c a a real constant. Then we have 
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c sulh f c SLI )I 
.r = J' = ----- 

coshf-con9 coshf-cosq 

It 1s clear that the curves i = constant are co-axla1 circles In the xy -plane having (kc ,  0) as 
the rcal imitmg poms and the curves 11 = constant are circular arcs in the same plane 
passmg throush the pomts (*r .  0 ) .  The lirnlts for [and  q are -m 5 f 5 m, - 85 15, 
leapc~tivcly Smcr we are cons~dering shear flow. the total normal veloc~ty of the llquid on 
the boundary q = P and 71 = -P (say) a zero 

where C AI, t b'j' 1s the undisturbed flow and q =  or and 7 =-pare the two boundaues of 
the cyllnder 

The regularity cnnditton is that u and v vanlsh at infimty. To satisfy the houndar). 
condltcon and thc condition at ~nkinlty u,e take tliesolutlon of thc equat~oll  (9) 171 thcform6 

t = jl, f.f(A) ~ i n h  hq +g (A) cosh Aqlcos AtdA (13) 

SO that 

+ A< sm 71 , B c2 sln2 q 

coshf-cosq (cosh 6-cosq) '  

Using the boundary condit~ona (12) we have 

Ac sm 0 sinh f + 2 Bc2 sin'osinh f 

icoshf-case) '  (coshe-case]3 
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using the method discussed by sen6, we find that the values off (A) and f (A) are gwen by 

I 
X 

f(A) = smhsAsinh A ( a + P )  

X (  -2Ac[coslrAps1nhA(rr-a)+coshAns1nh A ( = - p ) )  $ 

+ 2 ~ c ' [ c o s h A u { A c o s h A ( s - p )  f c o t p s i n h A ( r - 8 ) )  

- c o s h A p [  A c o s h A ( n - e )  t c o t a s i n h  A ( n - a ) ] ] )  

and 

I 
g(h) = sinh s h  sinh A ( a + p )  

X 

X ( 2 Ac [cosh An sinh A ( x  - p )  - s ~ n h  Apsinh A ( P - a ) ]  - 

- 2 B ~ ~ [ s i n h A p ( A c o s h A ( r r - n ) + c o t a s i n h A ( s - a ) ] +  

+ s m h A a [ A c o s h A ( n - P ) +  c o t ! 3 s i n h A ( s - p ) ] ] )  

Making use the above values off (A) and g (A) the value of $ I S  given from (13) as 

j, =I [ <  - 2 Ac ( cash Ap smh A ( n  - a) + cosh Aa sinh A ( r -  8)  + 
0 

t cot a slnh A ( s  - a )  )j > smh A? f < 2 A c  [ 

~~~hAasinh~(~-p)-s~nh~s1nh~(s-a)]-2~c'[s1nhAa(AcoshA(lr-P) 

~ c o t ~ s i n h ~ ( i r - p ) ) + s i n h ~ p [ h c o s h A ( s - a ) + c o t a s i n h A ( s - a ) l ] >  

X cosh A?] X . cos A f d A  
slnh a h  sinh A ( a  + 8 )  1 

NOW the use of the transformations (1 1) and the equat~ons (7) and (17) g v e  the expressions 
for the veloc~ty components In the following forms. 
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u = h' I =! ( < - 2 Ac ( cosh A0 smh A ( T  - a )  + cash h a  sinh A (T - 8 )  1 + 
0 

2 Bc2[ cosh Am ( A cosh A ( a  - 8 )  + 

+co tps~nhA(a -p ) ) - co rhAp{AcoshA(a -a )+  cotols lnhA(n-a) l ]>s~nhA~- 

<2~c(s1nh~as1nh~(s-~)-smhhpsinhh(a-a)}-2~~~[~1nh~a(~~0sh~(n-~)t 

+cotgsmhA(~-~)]+smhAp[AcoshA(n-a)+cotols~nhA(rr-a))]>coshAq)~ 

A c sin A[ sinh 1: sin q 
sinh ah(coshf-cos~) ' s1nhh(a+8)  

+ ( < - Z A c ( c o s h X p s i n h A ( a - a )  +coshAa s l n h A ( n - b ) l +  

+ 2~c ' [coshAm(Acosh A ( = - @ +  c o t p s i n h A  ( a - 8 ) ) -  

- c o s h ~ ~ ( ~ ~ 0 ~ h h ( a - ~ ) + c o t n s i n h h ( ~ - a ) } ] > c o s h ~ q + < 2 ~ c ~ s i n h A a s i n h ~  

( r - B ) -  

- sinh A6 sinh A ( x -  a )  } - 2 BE' [ sinh An ( A cosh A (r - 8 )  C cot /3 smh A ( a  - 8 )  1 f 

+ s i n h A B l A c o s h A ( a - u ) + c o r a s i n h A ( a - m ) ] ] > s i n h A q ) X  

V = h' 1 < ( < - 2 Ac [ cosh Ap sinh A (T - n )  + cosh h a  sinh A ( x  - 8 )  1 + 

+ 2 @ e o s h ~ u ( h c w h ~ ( ~ - p ) +  
I 

+~~~Bs~nh~(~-~)l-coshAB~Acosh~(~-rr)+cotmsinhh(a-or))]>Xsinh~~+ 

<2~e(siah~nsinh~(~-~)-s1nh~~s~nh~(~-a)]-2&~[sinh~a~coshh(~-b)f 

~ ~ ~ ~ i n 6 ~ ( ~ - B ~ ) + s i n h ~ B I A ~ 0 s h b ( r - ~ 1 1 ) 6 c o t a a i n h ~ ( n - a ) ] ] > ~ 0 s h A ~ ) X  



Using the above value of v the expression for hy can easily be ohtamed from (6) where 

Again, from the relation a h x i a x  C dhyldy = 0 and the value of hy, as obtained from (ZO), 
the expression for hx is found t o  be 

can be eas~ly shown that equation (1 I) will be satisfied by the values ofhxaud ky. Now by 
using the values of hx and h.v we get the total normal and tangential components of the 
magnetrc field m the following forms: 

Total normal component 

and the total tangentla1 component 

ch 
Hr = (coshf-cosn)'  

[ hx (cosh f cos 17 - I )  - hy (sin 7 sinh f )  1 (23) 
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4. Particular cases: Constant shear flow past a circnlar cylinder 

If we now make 7 - n / 2  and - n / 2  m ( I  I) then the reglon bounded by two clrcular arcs 
becomes a circle of radlus C In fhls h m ~ t ,  the results glven In (18) t o  (23), wlth somechdqes 
in notanons, are I" good agreement w ~ t h  those of N~gam' For example. the express~onfor 
hy IS gnen by 

where on the boundary x = a cos 0 = - c tan h f,  y = a s ~ n  0 = c sec h f  

5. Numerical results 

For numer~cal calculat~on, we first find out the values of IL., a g i a t a n d  aIL./aq and for thls we 
assume A / &  = 2, BC' = 1, o = p = n = 3 n i 4  so that from (17) we get 

cos Af * !, - 2 ~~2 / [ sinh nA/4 + A cosh rA/4  ] -- dA 
o smhrrA 

A tanh 3rAI4cor AfdA 

rmh nA 

We give below the tables for IL., a$/ af and a$/avford~fferent 11m1ts of integrat~on whlchan 

calculated by the main computer (EC-1033) system. The ranges are 0 to 80,0 to 85.0 to 90 
and 0 to 95. 

To show the nature of the velocdy d~stnbutlons,werakethevaluesof IL., a*/afand adiIa17 
in the range of 0 to 95 

Themlues of 11, aSlatand a+/aqarecalcula!ed by the Gaoss's quadrature formulaat 10 
pomts. 

Thcdistributions ofthe velocity components u,v magnetlc fields hx, h)' and the total n o i d  
and tangential components of the magnetlc field\ HN, /lion the houndary of thecmular arcs 
for different values off have beenshown ~n fig. I to hby contlnuouscurves   he correspond- 
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0 0  
0 10254854 E00 
0.20380664 EW 
0.30254841 EW 
0.39765894 EOO 
0.48815966 EW 
0 57320237 EOO 
0 65203875 EOO 
0 72397947 EO0 
0 78835249 EOO 

- 0 19753771 EOI 
- 0 19642878 EOI 
- 0 19312382 EOl 
- 0 18768501 EOI 
- 0 18020668 EOI 
- 0 17080450 EOI 
- 0 15960436 E0I 
- 0 14673452 EOI 
- 0 13232193 E01 
- 0  11649523 EOI 

0.0 
0 10898048 E00 
021651095 EOO 
0 321 19542 E00 
0 42173141 EW 
0 5 1693279 EW 
0 60572833 EW 
0.68714213 EW 
0 76027048 EOO 
0 82426125 EW 

- 0 19759979 EOI 
- 0 19636545 EOI 
- 0 19268436 COI 
- 0 18661919 EOl 
- 0 17826738 EOI 
- 0.16775246 E01 
- 0 15521593 EOI 
- 0 14081 154 EOI 
- 0 12470341 EOI 
- 0 10706815 BOI 

- 0 80834705 E00 
- 0 78008926 EOO 
- 0 74109334 EW 
- 0 69190663 EW 
- 0 63321054 EM 
- 0 56581 I63 EiM 
- 0 49062932 EW 
- 0 40868783 CW 

- 0 19Ml8021 EOI 
-- 0 19471779 EOI 
- 0 19065380 €01 
- 0 18395576 EOl 
- 0 17473030 EOI 
-0 16311712 EOl 
--0 14928141 EOl 

- 0  1334lll2 EOI 
-0  11571436 E01 
- 0 96426581 EOO 

0 - 0 77674466 EW 0 0  -0  19314766 E01 
I - 0 77677997 E00 0.11912614 EW 0 191651169 E01 

- 0 75298184 EW 0.23638207 EW - 0.187218W EQ1 
3 - 0.72362703 E00 0 34994316 800 - 0 17990103 EQl 
4 - 068317419 E00 045806849 EW - 0  16982861 E01 
I -~ 0 63224941 EW 0 55912709 EW -- 0 '5716238 EOI 
6 - 0 57163477 EOO 0 65161210 EW - 0 4209938 EOI 

- 0.50225854 EOO 0 73414576 EOO - 0 2486696 €01 
8 - 0.42517889 EW 0 80548507 EW - 0 0572195 EOI 
9 -0.34157211 EW 0 86453086 FW - 0 '44949285 6W 

- 
Wresul ts  a n  compa red  with those of ~ , ~ a , ~ ' a n d  ale denoted by dot tedl ine.  For numerical  
calculac~on rt 1s a s sumed  t ha t  BC = I and A;BC = 2. It 1s c lear  f romfigs .1  a n d  2 that  t he  

*e'oclt~ dls t r~hutrons u a n d  v a r e  con t immus .  The c o m p o n e n t  u reaches 11s m a x l m u m  value 
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FIG 2 
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for (=ofor the c~rcular arcs and minimum for F = 0 9 but never zero w~thin theglven range 
,it, However, ~ l g a m '  glves a negative representation and ~t is maximum f o r e =  0.9 and 
mlnlmum for 5 = 0 and almost l ~ k e  flatter. In fig. 2 the velocity distnbution v is min~mum 
(DIo) f o r t  = Oand thenlncreases with thevalues of gand reaches ~ t s  maxlmum value for f =  
0.9 for our problem. On the other hand. for a circular cylinder v mlnlmizes t o  zero at 6 = 0 

then rises to its maxlmum for C=0.6, thenagaindecreases to (=0.9 The magnetic field 
distributions hx and hy are shown In figs. 3 and 4. It 18 obvlous that hy attains its minimum 
value zero for 5 = 0 and then Increases and reaches its maximum value for p= 0.9 wh~le for 
thecircular boundary its behavrour 1s slmtlar to that curve up to i: = 0.8 and thendecreases. 

character hx as shown in fig 4 shows that h x  is maxmum for g =  0 and then decreases 
and gives 11s minlmum value for 5 = 0 9 and the dotted curve glves almost the same values 
within the IlmitaUon of t However, the total normal component H.v gives a negatlve 
representation and it is zero and maximum for g=Oand thendecreasestoits m~nimumvalue 
fort=O 9 But. for the circular cylinder HNIS zero and mlnnnum for (= Oand increasesop 
to (= 0.6 and then decreases. Lastly, the total tangentla1 component Hrmfig. 6is mlnimum 
for [= Oand maxunum for f = 0.9and thedotted curveisjust thereverse and it 1s maxlmum 
for 6 = 0 and mlnunum for ( = 0.9 

Notations 

V ( Y )  undisturbed velocity, 
Ha undisturbed un~form magnetlc field In the dlrect~o of x-axrs, 
u. v (< U(y) ) d~sturbed velocity components In the directions of ry-axes, 
hx, h? (e Ho) d~sturbed magnetic f~eld componentsinthedirections 0fx.y-axes. 
P pressure, 
P dens~ty, 
a conduct~vity of the fluid 
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4 SMAL D C AND Magneto shear now past a loop of rose petals icommun~ooted to Acto Ctncro 
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Unlformshear flow past acyl~ndee ofaectmn boundsd bywo amnlararrr, I n d m  
J. nm ~ k y s  1978, 26(1), 33 


