J Indsan Tnst Scr, 65 (B), Feb 1984, pp 39-41
@ Indian Institute of Science, Printed 1n India

Short Communication

An alternative definition of local connectedness
in bitopological spaces

§S. LAKSHMI®
The Inatriute of Mathematical Sciences, MATSCIENCE, Madras 606 113, India

Recerved on September 14, 1983, Revised on February 6, 1984

Abstract

L

In this note we give an alternative of local 10 a b ! space and derive some

properties of a locally connected bitopological space.

- —
Key words: Bitopol ! space, local

1. Introdunetion

The notion of connectedness in a bitopological space is due to Pervin' The concept of local
connectedness in a bitopological space has been imtroduced by Dasgupta and Lahun® They
bave also derived some of the basic properties of such a space. However,according to their
definition, sn a locally connected bitopological space, the two topologies involved concide
and hence we ultimately deal only with local connectedness in a topological space. There-
fore, m this note we have made an attempt to gve an alternative defimtion of local
connectedness in bitopological space. For a set of basic definitions and notations we refer the
reader to Kelly® and Pervin *,

1. Alternative definition of local connectedness

In this section, we give an alternative definition of local connectedness in a bitopological
space and dertve some of the properties of a locally connected space

DEFINITION 21 Let (X, P, Q) be a bitopological space. If Uts P-openand Vis Q-open,
then UM ¥ is said to be partially open in (X, P.Q).

DEFINITION 2.2- A bitopological space (X, P, Q) 1s called locally connected at a pownt
xeX1f and only if for every pair of P-open set Uand Q-open set ¥ each containing x, there
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exist a P-openset € and Q-open set D such that CN Dis connected and xe CNDC UNy
(X, P.0) 15 called Jocally connected if and only {1t 18 tocally connected at each point of X

Remarks 21

(1) Note that when P= @, by taking V'= Uand D= C, thc ahove defintion reducesto the

defimuion of local connectedness at a posat x 1n a topological space (X, P)

(1i) Note that we have not assumed that CC Uand D (e 4

(u1) Local connectedness for 2 bitopological space 1s not equivalent to the local connected-
ness of the mdividual topologies as shown by the following examples

Example 21 Let (X,P.Q) be a bitopologieal space, where

x=1123 ..n .}

.

={¢, X {134 1} (145 .} ,(Len+1, ). .}and
0* =16, X {2.{3} . {n}, .} 152 subbase for Q

Nate that the topological space (X, P) and ( X, Q) are locally connected whereas the space
(X, P,Q) 15 not locally connected at 1

Example 22 Let
X ={wy) | ~ISy£I}U{(x, s l/x) | x>0}

Let P be the topology on X, obtamed by the restriction of the usual topotogy on R Ler
Qi{ @, X} be the indiscrete topology on X. Then we note that the bitopologicat space
(X, P, 0} 15 locally connected whereas the toplogical space (X, F) s not locally connected

. 3. Basic properties
I this section, we derive some basic properties of a locally-connected bitopological space

77zmn’rr.z 31 4 bitepological space (X,P,Q) is locally connecied 1f and only 1f the compo-
nents of parnially open sets can be expressed as a unron of connected parnally open sets

Proof  We first assume that the buopological space (X, P, Q) 1slocally connected Let Kbea
component of a nonempty partially open set UM P I x e K, then there exist a connected
partinlly spen set CeM D such that x € G D, C UN ¥ Sinee Kisa component of UN ¥,
xeCe M Dy C K Varying x over K we get K = U (C. Y Dy)
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For the converse, let x ¢ UMV, apartially open set Then there 1s component K of UM ¥
such that x e KC UN V By assumption, there 1s 2 connected partially open set €N Dsuch
that x¢ CN D C K This proves that the bitopologieal space ( X,P.Q ) 1s locally connected

Theorem 32 Let (X,P,Q) and (X*,P*,Q*) be two buopological spaces and f (X.P,Q)~
(X*P*,Q*) be a contimeous surjective mapping Further, let t be parnally open, that is, {
carnies partially open seis m X to partially open seis in X* If (X.P.Q) s locally connected,
then (X* P*,Q*) is also locally connecred

Proof. Letye X*and let UM Vbea partially open set contawmng yin (X*, P*, @*) Sincef
is contmuous,f'1 (vNnyy = f“ (€4) ﬂf’l (V)1sa partially open setin X Since fs onto,
there exists an x € X such that /(x) =y Since the bitopological space ( X, P, Q) 1s locally
connected andf" [€4)] ﬁf"! ( V)15 a partially open set containing x, there exists a connected
partially open set € Din X such thatxe CNDC NS (v) Since f1s continuous, /-
(€N D) s connected in ( X*, P*, 0*) Also, since f1s partially open, /{C S D) 1s partially
open i (X*, P*, Q*) The result follows from the fact that

y=f(x)ef(cnby QUNV
We omut the proof of the following theorem, which 15 straightforward

Theorem 33 Let (X., Py, Q.) be a countable collection of bropological spaces and let
{X.P,Q) be the product space, where (X,P) s the product of the collection (X, P} and
(X.QMs the product of the collection (X, Q.). Further, assume that each projection 1s
partially open Then the bitopological space (X,P.Q) s locally connected if and only if
(X, P, Q) 15 connected for all except a finite number of 1 and the biuopological space
(X, P, Q) 15 locally connected for each 1.
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