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Abstract 

In ihs notc we gtvc an altemallve definrtlon of local connectedness ID a bmplog~cal  space and dcrws some 
propsrt~ss of a locally connected bttopologleal space. 
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The notion of connectedness in a bitopolog~cal space IS due to Pervin' The concept of local 
connectedness in a brtopologlcal space has been mtroduced by Dasgupta and ~ a h d  They 
have also derived some of the basic properties of such a space. However.according to their 
definition, m a locally connected bitopologtcal space, the two topologies involved c o ~ n c ~ d e  
and hence we ultimately deal only with local connectedness In a topological space. There- 
fore, m tlus note we have made an attempt to e v e  an alternative definition of local 
connectedness in bitopolog~calspace. For aret of basicdefin~tionsandnotations we referthe 
reader to Kelly and Pervin I.'. 

1. Alternative definition of local connectedness 

In this sectlon. wa g v e  an  alternative defin~tion of local connectedness in a bitopological 
space and denve some of the properties of a locally connected space 

DEFINITION 2 1 Let (X, P, Q) be a b~topolog~cal space. If UIS P-open and Vis Qopen, 
then U n  V is said to he partral1.v open in (X,P,Q).  

DEFINITION 2.2. A bitopolog~cal space (X,P, Q) is called locally connected at apornr 
x f X  if and only if for every pair of P-open set U and P o p e n  set Veach contaming x, there 
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txlat a p-opcnict Cznd Q-open set D such that C n  D 1s connected and r r C n  D L  l ~ n  
(x,P,Q) IS callrd i ~ o l l i  conner,redtf and only r f ~ t  IS locally connected at each point of x 

(,) votethat when P =  Q, bytakmg Y =  Uand D =  C, thc ahovedef in~ t~onreduces to th~  
definition of local conncctedncss at a p m t  x In a topological ?pace ( X P )  

(li) Note that we have not assumed that C C Vand D S; V 

(m) Local connectedness for a b~topological space l a  nor rqunalcnt to the local connectcd- 
nmr of the mdividual topologies a? shown by thc followng examples 

Erainpie 2 1 Let (X,P,Q) bc a hdopolog~snl space, aherc 

Note that the topological space (X.P) and ( X , Q )  are locally connected whereas the space 
(X.P,Q) i s  not locally connected at I 

Let P be the lopalogy on X, ohtamed by the restrlctmn of the usual topology on R' Ln 
Q: f 4, X ]  bc the mdlscrete topology on X.  Thcn we note that the bitopological s p m  
(X.P,Q) is locally connected whereas the toplogical space ( X , P )  is not locally connected 

3. Basic properties 

' In  thls section. we denve some baslc properties at a locally-connected hitapolog~cal qpace 

n2*orrm 3 I A b i f o ~ ~ u l ~ ~ ~ ~ r a i . i p o c e ( X , P , Q )  is locally connecrcd I/ and orrlv ifthe compo- 
nmra ~$ 'pu~iaNs open selr ran be expressed nc (I unton of <orrnecred partrolly open sers 

Prod We first assume that the bitopologcalspace(X, P,Q) ts locally connectcd 1x1 Kbea 
camponcnt of a nonelnpty pdrtlally open set On V If x K, then them rx ist  a connected 
par ti nil^ open set Cn D, such that x e C,  D,5 U n  v Slncc Kisa component of Lin v. 
r t  C ,  C K Varyms x over K we get K = U ( C, n D,) 
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F~~ the converse, let .I e U n  V, a partlail~ open set Then them is component K of U n  V 
thatx e K C  U n  V By assumption, there 1s a conncctcd partlallyopen set C n   such 

that ,r Cn D c K This prores that the bWologtcal space (X.P.0)  IS locally connected 

fieorern.?? Let (X,P,Q) and(X*.  P*.Q*) be 1a.o brropologrralspacpsandf (X.P,Q)- 
(x8,p*,Qg) be a contrnuous surlertil~e mapprng Furrhrr. ler t beporiial!.~ open, rhai rs, f 
carrresparrially open Sers m X loparllaih open seis rn X* l f (  X.P.Q) is locaili. eunnecled. 

( x *, p *. Q *)  rs also 1ocaN1, connected 

proof. Let, r X'and let L'n Vbeapartlallyopenser contamng?In (X*, P*, Q*) Sincef 
iscontmuous, f - '  ( L'n V) = f - '  ( U) n f '  ( V )  n a  part~ally open set In X Slnce f IS onto. 
there exists an x c X such that f (x) = 1. Since Ihe bitopoiog~cal space ( X , P . Q )  IS locally 
connected and f - '  ( L') n f - '  ( V )  is a partially open set contalningx, thex exists aconnected 

openset C n  D m  Xsuch that xi C n  DC f - ' (u) i l f - '  (1.1 Smcej~scont~nuous.f 
(cf l  D) zs connectcd In (X*,  P*, Q*) Also, since f is part~ally open, f ( C C  C) is part~allp 
open m (X*, P', Q*) The result follows from the fact that 

, = f ( ~ ) e f ( C n D )  C Lif' V 

We omlr the proof of thc follow~ng theorem, which n stra~ghtforward 

?heorem 3 3 1x1 (X,, P,, Q, )  be a countable collectron of h~ropologrra! spaces and k t  
(X.P,Q) be the product space. where (X,P)  s the product of the collec~ion (X,, P,) and 
(X,Q)n the producr of /he collectron (X,Q,). Furrher, arsurne rhar euch propcrron is 

partrally open Then the blropologzcol space (X,P.Q) is locally connected !f and 0x1) d 
(X,P,,Q,) n connecred,for all except a finiie number of I and  rhe hrropolo~zcal space 
(X,P,,Q,) IS IoeaN~ connectedjor each I. 
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