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Abstract

In the present paper, the solution of a singular integral equation with logarithmic kernel in two disjoint intervals
(0, @)U(b, ¥), (a, b arefinite) is obtained by using function theoretic method. The two cases are considered when
the unknown function satisfying the integral equation is unbounded or bounded at both nonzero finite end points
of the interval. In the latter case, two solvability conditions are to be satisfied in order that the solution of the in-
tegral equation exists. We have used these two solvability conditions to evaluate the amplitude of waves at infin-
ity for the three well-known water wave problems. These are: (i) scattering of water waves by a vertical plate
submerged in deep water, (ii) generation of waves due to a line source in front of a vertical plate submerged in
deep water, and (iii) generation of waves due to rolling of a submerged vertical plate.

Keywords: Singular integral equation, logarithmic kernel, two disjoint intervals, function theoretic method, scat-
tering problem, radiation problem.

1. Introduction

The singular integral equation

du=h(x), forxl G (1)

u+Xx
u- X

1
= A [
Déﬂ(U)n

is considered here for solution where G consists of two digjoint intervals (0, a) and (b, ¥)
and g(x), h(x) are differentiable functions. This integral equation was first studied by Hardy
[1] long back for G =[O0, ¥). In recent years, several researchers have investigated this inte-
gral equation for explicit solution for a single or double intervals [2—4]. The method of Rie-
mann-Hilbert problem in the theory of complex variable was mostly employed in the
mathematical analysis. This type of integral equation arises in the problems of linearised
theory of water waves involving scattering and radiation of water waves by a thin vertical
barrier. The need for study of the integral equation (1) lies in the fact that its kernel in-
volves logarithmic singularity which is weakly singular in nature. Usually in the literature
(cf. [5], [6]), equation (1) is solved by reducing it to an integral equation whose kernel in-
volves Cauchy-type singularity which is strong in nature. As it is always numerically ad-
vantageous to evaluate integrals with weak singularity, so researchers were motivated to
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study (1) for various intervals without converting it to integral equations with strong singu-
larity. The solution of (1) depends on the behaviour of the unknown function g(u) at the end
points of G. This behaviour is dictated by the physics of the problem in which it arises.
Here the solution of (1) is obtained for G = (0, a) U (b, ¥) by reducing it to a Riemann—
Hilbert problem when g(u) has the following two types of behaviour

() o) ~O((u-c)?) easu®c (2)

(i) o) ~O((u-c)?) asu® c, ()

¢ being a or b. In case (3), h(x) has to satisfy two solvability conditions in order that the so-
lution of (1) exists. We have used these two solvability conditions while investigating some
scattering and radiation problems arising in the linearised theory of water waves. These in-
volve scattering of surface water waves by a vertical plate submerged in deep water, gen-
eration of waves due to presence of aline source in front of a submerged vertical plate and
of waves due to rolling of a submerged vertical plate. These are somewhat classical prob-
lems in the linearised theory of water waves (cf. [7-9]). Evans [7] used complex variable
theory together with function theoretic method to obtain the wave amplitude at infinity of
the problem of scattering of surface waves due to rolling of a thin plate submerged in deep
water. The method used in [7] is rather elaborate. Mandal [8] used a simpler method based
on judicious application of Green's integral theorem to obtain the wave amplitude at infin-
ity without solving the problem in closed form. In the present paper, the boundary value
problems associated with these problems were first reduced to multiple integral equations
which in turn were reduced to (1) with G=(0, a) U (b, ¥), where the unknown function
o(u) satisfies (3). The two solvability conditions here give rise to two simple simultaneous
algebraic equations in two unknowns, which are solved very easily to recover the reflection
and transmission coefficients in the scattering problem and amplitude of radiated waves at
infinity for the radiation problems.

In Section 2, we give an outline of method of solution of (1). In Section 3, we describe
the genesis of the integral equation and finally in Section 4, we evaluate the wave amplitude
of the waves at infinity of the water wave scattering and radiation problems mentioned
above.

2. Solution of a logarithmic singular integral equation

We consider the singular integral equation

—Gg( )In du h(x), for xI G, (4

where g(u) may have the following behaviour:

)
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)

o) ~ J[O((lu a|) ) as u® a, ®)
TO((lu bl) ) a3 u® b.

We first solve (4) where g(u) has the behaviour given by (5).
Let
dee 0
F@) =2 capuyin 2 aus, )
g@ u-z 4

where F(2) represents sectionally analytic function in the complex z-plane (z=x + iy) cut
along (=¥,-b)U (-, 0) U (0, a) U (b, ¥) and F(z2) ~ O(Z—lz) as|z ® ¥.

We denote F*(x) = limyg 0.F(2) so that

du +|pg(x) x1 (0,a)U (b, ¥)

F*(x) ——gcp(u)ln

2}
and
F= (x)——gog( )In du +|pg( x), xI (-¥,- b)U (-a, 0).
@

These giverise to

F'() + F () =s(x) (8)
and

F'0)-F()=1(x (9)
where,

S(X):}thttx), for Axl (0, a)u(b, ¥), 10
i2ph€-x) for xI (-¥,- b)u(-a0),

() = | 2pig(x), for x1 (0, a)u(b, ¥) (11)
T 1-2pig(-%) for xT (-¥,- b)U(- & 0).

Here (8) is a Riemann—-Hilbert problem whose solution can be obtained in the following
manner.
Let
F(2 =Fo(2F1(2 (12)
where Fy(2) satisfies
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Fo(x) + Fo(x) =0, for x1 (GUGQ
and G = (0, a) U (b, ¥), G¢= (=¥, -b) U (-4, 0).

Let
1
F(2) =
Uz ) Z vy
whereasz® x +i0
i 1 R
, Xl (-a0U(0, a),
2
. ; e xl)(b x2)

e . XI (-¥,- b)U(b, ¥).
{ \/(Xz ] az)(xz _ bz)

Putting (12) in (8), we get for xT G U G¢

S(x)

R'(¥)- F (0= =
0

which by Plemelj formula gives

3 s(t)
F(@=Q+— 0 —F—""
' 2p GUG¢F0 (- 2

where Q is an arbitrary constant.
Thus

d s(t)
F(2) = F(Z)6Q+ ————dta.
° i GUG¢FO (- 2 E

Using Plemelj formula and (9) we obtain

. . S(t) u
= ——>——dtq, for O ,
Zpig(x) = " Rx )§Q 2p| GUOG¢F0 v E or 0<x<a

\ s(t)
[ ——eQ — 7
196X R(X) g mng¢F0 O-% §

and

e 1. s u
—————dtq, for b ,
2pig(x) = R(x) & 2pi G%Fo*(t)(t- 3 tg or b<x<¥

u
dta, for - a<x<0,

(13)

(14)

(15)

(16)

(17)

(18)

(19)
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. . s u
=- — ——=——dtq, for - ¥ -b, 20
2pig(-x) = R(X )§Q 2p| GUC();cho Ot E or - ¥<x< (20)

where R(x) = [0 — 82) (¢ — b9)| .
Now,

: s(t) - hﬁzt)R(t) ¥ heR() U
O ) dt+ dta.
SR 4'“@ 2o O e 4 (21)

We substitute (21) in (17), (18), (19) and (20). Next we compare (17) with (18) and (19)
with (20) to get Q = 0. Thus we get the solution of (4) satisfying (5) as

_,'[ p;z‘x) P(x) for O<x<a, 22)
9(x) =1 o
_T', SR P(x) for b<x<¥, (23)

where

h‘lt)R(t) ¥ hE)R(t)
P(X) = ot 7 o|t+?t 2 d.

We now abtain the solution of (4) with g(u) satisfying (6). In this case, we rearrange P(X)
such that

€2  he) Y h&) U 2 Sahat) | hdt)
P(X) = R%(X dt dt dt
(=R - Orae- o) g 1% 10rg ™ Oy 4
éa 2 2 %] ¥ 2 2 5 u
& L A -b%|%

Substituting P(x) in (22) and (23) we have

2R(x)é_\ t2h¢t) dtj‘ t2h¢t) dHihc(t) g ¥ het) o

px & ROE- ) RoW-¥) RO RO g

9(x) =-

&2 - bzozﬂxoeah((t)t GLON u
225 &p ﬂgooR(t) OR(t) §

@ =
p R(X) ‘(t),/ dt Qt) dta 0<x<a (24)




270 SUDESHNA BANERJEA AND BARNALI DUTTA

and

2R(X)
p X

éa 2 ¥ 2 a
g0 =06 o LI gy o LI gre 0 JLOPY;
e

RoE-®  Roc-d Ry Ry g

LB Zozﬂxoeah((t) " ¥‘h((t)du

"6 175 &p R 9RO g

G b2 ¥ 7 U
((t) dt + t(t) tu b<x<¥. (25)

pR(x) 9 O

If g(x) has to be bounded as x tendsto a and b, i.e. g(x) satisfies (6), we must have following

conditions:

a
Q) ) e (26)
o R R
a b2 _ t2 ¥ tZ _ bz
(i) g&t),[——— dt + &t),| 57— dt =0. (27)
o a“- b t°- a
Thus, solution of (4) in thiscaseis
- ZpR((XX))x (x) for O0<x<a,
9V =T reg (28)
} p(X)x(x) for b<x<¥,

where,
a 2 ¥ 2
t“het) dt+ & t“h&t)

XM= 0™ Orae- )

Thus, (28) together with (26) and (27) give the solution of (1) with g(u) satisfying (6).

dt. (29)

In the next section, we discuss about the genesis of the integral equation (1).

3. Genesis of theintegral equation (1)

Under the assumption of the linearized theory, a general two-dimensional radiation problem
involving a vertical plate submerged in deep water is described by the following boundary-
value problem for Laplace equation (cf [5, 8, 9]):

N% =0 in y30, (30)

Ky +y,=0, on y=0, (31)
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where, K = % g isacceleration due to gravity and s isthe circular frequency,
yx=f(y); for x=0, yl B, B=(ab), (32)
where, f (y) is known. Here B denotes the vertical barrier occupying theinterval a< y < b.

Also,
Ny ® 0 as y® ¥, (33)

r'?Ny isbounded asr ® 0, r being the sharp edges of the barrier. (34)

T Aexp(- Ky+ikKx) as x® ¥,

i . (35)
TAexp(- Ky- iKx) as x® -¥,

where A; and A, are amplitudes of the radiated waves at infinity on either side of the wall.
Here the function Re(y (X, y)exp(-ist)) represents the velocity potential of the irrotational
motion produced due to a small motion of a vertical plate x=0, y1 B submerged in deep
water y3 0 where the usual cartesian coordinate system is chosen with y axis vertically
downwards.

The problem of scattering of incoming waves represented by exp(-Ky + iKx) by a
thin vertical plate submerged in deep water can be described by velocity potential
Re(f (x, y)exp(—ist)) where f satisfies (30), (31), (33), (34) and

f,=0, for x=0, yl B (36)
and
i Rexp(- Ky- iKx)+ exp(- Ky +iKx) as x® -¥,

i . (37)
1T exp(- Ky +iKx) as X® ¥,

where, R, T are the reflection and transmission coefficients. This problem can be formulated
as radiation problem by defining

y =f —exp(—Ky + iKx),
where, y satisfies (30) to (35) with
f(y) = —K exp(-Ky) (38)

and
A=T-1,A,=R (39)

Now we shall reduce the boundary value problem for y into singular integral equation (4).

By Havelock’s expansion of velocity potential, a suitable representation of y (X, y) satis-
fying (30), (31), (32) and (34) is

'l A exp(- Ky +iKx) + Q¥ C(K)L(k, y)exp(- kqdk, x>0,
y (Xy)~i (40)

'II A exp(- Ky +iKx) + Q¥ E(K)L(k, y)exp(kx)dk, x <0,
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where C(k), E(K), A1, A, are unknown and
C(k) = —E(K),
L(k, y) = kcosky — K sinky.
Using (40) in (32) we have

¥
QKL (K, )k =iKA exp(- Ky) - f(y), yI B. (41)
0

Also,y (+0,y) =y (-0,y),yT G, so that using (40) we get

¥

P(L(k, y)dk = - A exp(- Ky), yI G. (42)
0

The dual integral equations (41) and (42) can be put in the alternative form as

¥

FC(K)sinkydk = Dy exp(Ky) - i%exp(- Ky)
0
y
- exp(Ky) it exp(- Ki)ek, yi (a.b) (43)

a

and

_}a-exp(- Ky) + D, exp(Ky), 0<y<a,
=1

¥
g=(K)sinkydk (44)
0

fa-exp(- Ky) + Dyexp(Ky), b<y<¥,

where D;, D,, D3 are arbitrary constants. As y® ¥, D3 becomes zero and as y® 0, D,
equals —(A1/2K)

Then the dual integral equations (43) and (44) can be rewritten as

¥ ; y
OKC(k)sinkydk = - %exp(— Ky) - exp(Ky) Of (t) exp(- Kt)dt + D, exp(Ky), a<y<b, (45)
0 a

and

oA
i‘)c(k)sinkydk:} - gsinhKy, 0<y<a,

LA
0

(I3

(46)
exp(- Ky), b<y<¥.

To solve the integral equation (45) and (46) we take

¥

OkC(k)sinkydk = g(y), yI G (47)
0
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where g(u) is an unknown function.

Now, from (45) and (47) we get by Fourier sineinversion

¥
kC(K) :pg(‘jvl (t)sinktdt, (48)
0
where
] oiA N
M (y) :’II- = exp(- Ky) - exp(Ky) @) f (t)exp(- Kt)dt + D, exp(Ky), af y<b, (49)
ta(y), yi G.
Substituting C(K) into (46) and simplifying we get,
= Og( )In du h(x), for xi (G), (50)
where
- BsinhKx- 1 QbM(t)ln xtlg 0<x<a,
h(x) = (52)

i
i
%%exp( KX) - —QM(t)In|X”|dt b<x<¥.

It is now important to know the behaviour of g(y) asy tends to a and b. Noting (32), let us
write

IW(y) yIG
0,
Y«(0.¥)= If()

Using (40) we get,
¥
g’di- K 2GKC(K) sin kydk = KA, exp(- Ky) - w(y), yI G,
Yy Do

which can be written alternatively as

- 2 exp(- Ky) - exp(Ky) () t) exp(- Kt)dlt + By exp(Ky), 0<y<a,

¥ i
FCsintky)dk =f
0 { %exp(- Ky) - exp(Ky)Q w(t) exp(- Kt)dt + E, exp(Ky), b<y<¥.
Comparing with (47), we get

w(y) =+ Ka(y) +iKA @ Ky).

Noting (34) we observe that
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0 - TN ~ r
xp(— ZTH ———
R.oxp(—Ky —iKz) T oxp(— Ky + 1K) ; I
exp(—Ky + iKx) (0.0) (0,0) !
l(é«ﬂ)
(0.0) (0,b)
FiG. 1. Scattering problem. FIG. 2. Generation of waves due to a source.
9(y) ~O(ly- th*asy®t, t=a or b. (52)

Now, in (50) g(y) satisfies (52). So in order that the solution of (50) exists the following
two solvahility conditions are to be satisfied. Thus from (26) and (27) we have

i FLOPMERALL O P, 53
W Orn ™ Ory ™ 9
and
. 3 b? - t? V2 - b
(i) &t) dt + Anét) dt =0. (54)
00 9“ N

We now use (53) and (54) to obtain wave amplitude at infinity for the following problems.

4. Problems

In this section, we consider three well-known water-wave scattering and radiation problems.
These problems are described below.

4.1. Scattering by a vertical plate

We consider the problem of scattering of water waves by a vertical plate x=0, y1 B (cf
Fig. 1). Here we substitute h(t) from (51) into the solvability conditions (53) and (54), after
using (49) and (38) to get

exp(Ku) Y % exp(- Kt) dt

RU) 2_0a R(t)
/i eXp(- Ky Lo (Ai 1) ° exp(- Ku) du (55)

R() R(u)
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and
b, 2 2 a 2 12 ¥ 12 2
b - a A 1 (b° - t9) exp(- Kt) A (t7 - b%)exp(- Kt)
D exp(Ku)du=- —= dt- — dt
*ORu) P(Ku) 20 R(0) 2 R(0)
’ b2 2
| L(b” - u”) exp(- Ku)
+—(A +1 du 56
Z(A )9 R (56)
where,
D,=D; +'_2exp(- 2Ka).
(55) and (56) are two equationsin A; and D4 which can be solved.
We divide (56) by (55) and take
b uzexp(Ku)
o2 = Q ry M
20 exp(Ku)
exIg(u)u du
to get after simplification
19y
A Dy’
Hence from (39)
A=T-1,
SO,
T=%"" (57)
DO
and
R=1-T=- % (58)
DO
where
Do=a¢—bo—im,
a dg -2
ag= QO exp(- Ku)du,
°% O Y
¥ dg - w2
by =¢ exp(- Ku)du,
0 W p( )

b 2
\O-u

2
0o = OWEXP(' Ku)du.

a
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Thus, knowing A;, one can be obtain D,. Equations (57) and (58) coincide with the results
in [7]. Thus, knowing A; and Dy, g(u) can be obtained from (28) and hence C(k) from (48).
Thusy can be obtained from (40).

The limiting case a ® 0 represents the problem of scattering of water waves by a vertical
barrier partially immersed in deep water which was considered by Ursell [6]. Making
a® 0, (53) and (54) reduce to single solvability criterion

¥
@w dt =0, (59)

bVt - b?

where

h(t) = - —Xexp (- Kx) - (1- R)b‘ inh Kt In| Y
2K P O@I x-t|
Thus, (59) gives
_ ply(kb)
p1,(Kb) +iK, (Kb)

which coincides with Ursell [6].

4.2. Generation of waves by a source in front of a submerged vertical plate

A source G(x, Y; X, h) is situated at a point (x, h) in front of avertical platex=0,a<y<b
submerged in deep water (cf Fig. 2). The motion is described by the velocity potential Re(F
(X, y)exp(—ist)), where F satisfies the following boundary value problem:

N?F =0 inthefluid region except at x(x, h),
KF +Fy=0 ony=0.
where, K :%, g being gravity, s being circular frequency,
F,=0 for x=0,yl B,
F ~Inr asr ® Owherer ={(x—x)*+ (y—h)3}*?

r"NF isboundedasr ® 0,1 ={(x)*+ (y—c)}Y% c=aorb
NF® 0 as y® ¥,

E i B, exp(- Ky+iKx) as x® ¥,
%B_ exp(- Ky- iKx) as x® -¥,

where B, and B_ are amplitudes of radiated waves at infinity on either side of the wall.
Let
F=G+y,
where, G(X, Y, X, h) is the velocity potential due to the presence of aline source at (x, h) in
the absence of abarrier. The form of G is given by [cf [10]]
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G(x y,x,h) =- 2 L(k h)L(k, yz)exp( k(x- X)) dk.
0 k(k? +K?)

— 2piexp(-K(y + h) +iK[x —x]).
Thus, y isthe correction to G and it satisfies (30), (31), (32), (33), (34) and
y«(0,y) =f(y) ==G(0,y; x, h), yT B.

Knowing f(y), one can obtain h(t) from (51). Substituting h(t) into the solvability condi-
tions (53) and (54) we get,
2 &d2- u?

gmexp(Ku)dudw(t)exp( Kt)dt— (60)
2}

Theresult in (60) coincides with [8].

A=2

4.3. Generation of waves due to rolling of a submerged vertical plate

In this case, the vertical plate is hinged at the point (O, c), a£ ¢ £ b and performs a small
rolling oscillation of amplitude qo (Fig. 3). In this case, f(y) in (32) can be written as (cf
(51, [8])

f(y) =isdo(c—y). (61)

Using (61), h(t) can be calculated from (51). Substituting h§t) into the solvability condi-
tions (53) and (54), we get,

2isq, €1- a’+p2adl
A =259 & K€ 42 (q) - b2E (o) + K 2 g2 - 0, (62)
DK é b g 2 o
where
5
K(g) = ¢1- g°sin®b) Zdb,
0
01 o X
~ §
(0,0)
0,¢)

(07 b) FiG. 3. Waves due to rolling of a submerged plate.
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b

2 1
E(q) = ¢f1- g°sin®b)=db

and

The result given by (62) coincides with [8].

5. Conclusion

The solution of (1) is obtained here for G = (0, a) U (b, ¥) by reducing it to a Riemann—
Hilbert problem when g(u) has the behaviour given by (2) and (3) asit tendsto a and b. The
integral equation (1) involves weakly singular kernel. As the integrals with weak singularity
are more amenable to numerical methods, so it is always advantageous to solve (1) without
converting it to an integral equation with strong singularity. The solution of (1) for g(u) satisfy-
ing (3) exists when two solvability conditions (26) and (27) are satisfied. From these two
solvahility conditions, the wave amplitude at infinity for some classical scattering and radiation
problemsin the linearized water wave theory are recovered in avery simple manner.
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